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1. INTRODUCTION 
The goal of this paper is to study the existence of solutions for some classes of initial value 
problems for first- and second-order impulsive neutral functional differential inclusions in Banach 
spaces. First, we will consider the first-order impulsive neutral functional differential inclusion 
; [Y(t) - g (6 Ydl E F @7 Yt) 3 a.e. TV J:=[O,T], t#tk, k=l,..., m, (1.1) 
subject to 
A&t,, = Ik (Y (tk)) , k=l,...,m, (1.2) 
Y(t) = 4(t), t E [+,OI, (1.3) 
where F : J x C([-r,O],E) + P(E) is a multivalued map, g : J x C([-r,O],E) + E is a given 
function, 4 E C([-r, 01, E), P(E) is the family of all subsets of E, (0 < r < oo), 0 = to < tl < 
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... < t, < tm+l = T, Ik : E + E (k = 1,2 ,..., m), Aylt=tk = Y@;) - YW, Y&I and Y($) 
represent the left and right limits of y(t) at t = tk, respectively, and E a real separable Banach 
space with norm ]] . 11. 
For any continuous function y defined on [-T, T] - {tl, . . . , tm} and any t E J, we denote by yt 
the element of C([-r,O], E) defined by yt(0) = y(t + e), 0 E [-r,O]. Here yt(*) represents the 
history of the state from time t - r, up to the present time t. 
Later, we will study the second-order impulsive functional differential inclusion of the form 
-$ [y'(t) - 9 @> Ydl E F (6 Yt) I a.e. tE J=[O,T], t#tk, k= l,...,m, (1.4) 
subject to 
Aylt=tk = Ik (Y (t;)) , k = 1,. . . ) m, 
Ay’lt=tk = 4 (Y (t;)) , k= l,.*.,m, 
y(t) = 4% t E [--T,Ol, Y’(0) = 71, 




The theory of impulsive differential and functional differential equations appears as a natural 
description of several real processes subject to certain perturbations .whose duration is negligible 
in comparison with the duration of the process. It has seen considerable development in the 
last decade; see the monographs of Bainov and Simeonov [l], Lakshmikantham et al. [2], and 
Samoilenko and Perestyuk [3] where numerous properties of their solutions are studied, and 
detailed bibliographies are given. Recently, by means of Schaefer’s theorem, an existence result 
for first- and second-order impulsive neutral functional differential equations in Banach spaces has 
been given by the authors in [4]. With the aid of a fixed-point theorem for condensing multivalued 
maps due to Martelli, an extension to the multivalued case with a convex valued right-hand side 
has been obtained by Benchohra et al. in (51. Let us mention that other tools such as the topolo- 
gical transversality theorem of Granas [6], the Leray-Schauder alternative [7-91, Martelli’s fixed 
point [lo], and the lower and upper solutions method [11,12] have been used recently for various 
initial and boundary value problems for impulsive differential inclusions. However, in all the 
above works, the right-hand side, F(t, yt), was assumed to be convex valued. Here we drop this 
restriction and consider problems with a nonconvex valued right-hand side. Our method involves 
reducing the existence of solutions to problems (l.l)-( 1.3) and (1.4)-( 1.7) to a search for fixed 
points of suitable multivalued maps on the Banach space C([--T, T], E). In order to prove the 
existence of fixed points, we shall rely on a fixed-point theorem for contraction multivalued maps 
due to Covitz and Nadler [13] (see also [14]). 
2. PRELIMINARIES 
In this section, we introduce notations, definitions, and preliminary facts from multivalued 
analysis which are used throughout this paper. 
C( [-T, 01, E) is the Banach space of all continuous functions from [-T, 0] into E with the norm 
11911 = SUPW(~)ll : --f L 0 501. 
Ad(J, E) is the space of i-times differentiable functions y : J -+ E, whose ith derivative, yci), is 
absolutely continuous. 
Let (X, d) be a metric space. We use the following notations: 
P(X) = {Y c x : Y # 0}, 
P,,(X) = {Y E P(X) : Y closed}, 
&,(X) = {Y E P(X) : Y bounded}. 
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Consider Hd : P(X) x P(X) - R+ U {oo}, given by 
where d(A, b) = inf&A d(a, b), d(a, B) = inf&B d(a, b). 
Then (&cl(X)r Nd) is a metric space and (Pcl(X), Hd) is a generalized metric space. 
DEFINITION 2.1. A multivalued operator N : X -+ Pcl(X) is called 
(a) y-Lips&it2 if and only if there exists y > 0 such that 
for each x, y E X, 
(b) contraction if and only if it is y-Lipschitz with y < 1. 
N has a fied point if there is x E X such that 2 E N(s). The fixed-point set of the multivalued 
operator N will be denoted by FixiV. 
For more details on multivalued maps, we refer to the books of Deimling [14], Gorniewicz [15], 
and Hu and Papageorgiou [16]. 
Our considerations are based on the following fixed-point theorem for contraction multivalued 
operators given by Covitz and Nadler in 1970 [13] (see also, [14, Theorem 11.11). 
LEMMA 2.1. Let (X, d) be a complete metric space. If N : X ---t P,z(X) is a contraction, then 
FixN # 0. 
3. FIRST-ORDER IMPULSIVE NEUTRAL FDIS 
The main result of this section concerns the IVP (l.l)-(1.3). Before we state and prove this 
result, we give the definition of a solution of the IVP (l.l)-(1.3). Let yk denotes the restriction of 
y to JI, = [tk,tk+l], k = 0,. . . , m. In order to define the solution of (l.l)-(1.3), we shall consider 
the following space: 
0 := O([-r,T]) = {y : [-T,T] - E : yk E c(Jk, ,?I?), k = 0,. . . , m and 
there exist y (ta) and y (tt) , k = I,. . . ,mwithy(tk)=Y(tk)}, 
which is a Banach space with the norm 
llyll~ = max sup eeTLct) IIyk(t)II ) k = 0,. . . ,m , 
tEJ/c > 
where r E W;, L(t) = s,” Z(s) d s and 1(.) is a function that will be specified later (see (H2)). 
DEFINITION 3.1. A function y E 52 rl AC((tk, tk+l), E), k = 0,. . . , m, is said to be a solution of 
(1 .l)-(1.3) if y satisfies the differential inclusion &[y(t)-g(t, ~41 E Wt, ~4 a.e. 0~ J-{h, . . . , t,}, 
the conditions Aylt=t,, = Ik(y(t;)), k = 1,. . . , m, and y(t) = 4(t), t E [-T, 01. 
We have the following auxiliary result. In what follows, we will use the notation ‘&,t,<t[y(tk+) 
-y(tk)] to mean 0, when k = 0 and 0 < t < tl, and to mean ~~zl[y(t~) - y(&)], when k 2 1 
andtk<t<tk+l. 
LEMMA 3.1. (See 151.) y E Q n AC((tk, tk+l), E) is a solution to problem (1 .l)-(1.3) if and only 
if y E 52 and there exits v E L’(J, E) such that v(t) E F(t, yt) for a.e. t E J and y satisfies the 
following integral equation: 
Y(t) = d(o) - 9h do)) + 9 k Yt) + 1’ 4s) ds + c Ik (Y (t;)) T for t E J. 
o<tl.<t 
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THEOREM 3.1. Assume the following. 
(Hl) F : [O,T] x C([-r,O],E) - Pcl(E) has the property that F(.,u) : [O,T] ---) Pcl(E) is 
measurable for each u E C([-r,O],E). 
(H2) &(F(t,U),F(t,ti)) 5 l(t)Ilu - fill, for each t E [O,Z’] and u,ti E C([-r,O], E), where 
1 E L’([O,T],W). 
(H3) II&~) - g(hf4lI 5 141~ - fill, for ed u,fi E C([ -T, 01, E), where p is a nonnegative 
constant. 





then the IVP (l.l)-(1.3) has at least one solution on [+,T]. 
PROOF. Transform the problem into a fixed-point problem. It is clear from Lemma 3.1 that 
the solutions of problem (l.l)-(1.3) are fixed points of the multivalued operator, N : St + P(O) 
defined by 
if t E (--T,O], 
iv(y) := 
4(O) - 9(0,4(O)) + 9 (& Yt) 
7 
c Ik (y@;))r iftE J, 
O<th<t 
where 
21 E SF,@ = {TJ E L’(J, J!?) : v(t) E F (t, yt) , for a.e. t E J} . 
REMARK 3.1. For each y E Q, the set SF,~ is nonempty since, by (Hl), F has a measurable 
selection (see [17, Theorem 111.61). 
We shall show that N satisfies the assumptions of Lemma 2.1. The proof will be given in two 
steps. 
STEP 1. N(y) E P,l(s2), for each y E R. 
Indeed, let (yn),,lo E N(y) such that yn - d in R. Then Q E Sl and for each t E J, 






Because b(O) - g(O, 4(O)) + & yt) + 1” F(s, yS) ds + ~O<tk<t Ik(y&)) is closed for each 
t E J, then 
Y*(t) - m E 4(O) - 9(0,4(O)) + 9 (4 Yt) + J tF(w,)ds+ 0 c Ik (y($)). O<tk<t 
so g E N(y). 
STEP 2. &(N(y), N(g)) L yI)y - all, for each y,$! E R (where y < 1). 
Let y,Q E R and hl E N(y). Then there exists q(t) E F(t, yt) such that for each t E J, 
h(t) = 4(O) - do7 4(O)) + 9 (t,Yt) + J twWs+ 0 c Ik(y&)). O<tk<t 
From (H2), it follows that 
Hd (F (6 yt) , F (t, !A)> I l(t) h/t - iAll , t E J. 
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Hence, there is w E F(t, yt) such that 
llm(t) - 4 I l(t) IlYt - Ytll 7 t E J. 
Consider U : J + P(E), given by 
U(t) = {W E E : llw(t) - 41 5 l(t) ll~t - Ytll). 
Since the multivalued operator V(t) = V(t) n F(t, Q t is measurable (see [17, Proposition 111.4]), ) 
there exists wz(t), which is a measurable selection for V. So, wz(t) E F(t, jjt) and 
II%(t) - 7Jz(t)II 5 l(t) IIY - iAl 7 for each t E J. 
Let us define, for each t E J, 




c Ik (G(Q). 
O<tk<t 
Then we have 
llh(t) - h2(t)ll I 
s 
t 
IlVl(S) - ~2CS)II d‘s + II9 (t, Y/t> - 9 (hBt)ll 




t = l(s)e- TL(s)erL(s) llyl(s) - yz(s)ll ds + P ll~t - &II 
0 
k=l 
I IIY - Slln 1’ We TL(3) ds + P llyt - Bt II 
+gCk/IY@k) -!&>li 
k=l 
= IIy - glln : it (erLcs))’ ds + peTLct) IIy - ~11~ 
+ 2 ckeTLct) IIY - !?[I0 
k=l 
< lb - a-2 eTw) + peTw) IIy - glln 
- 
7 
-+ 2 C,$eTLct) IIY - ?Iln * 
k=l 
By an analogous relation, obtained by interchanging the roles of y and y, it follows that 
Hd(N(Y),N(y))< [i+p+gck] ]]y-Y]]n* 
So, N is a contraction, and thus, by Lemma 2.1, N has a fixed-point y, which is a solution to 
(l.l)-(1.3). I 
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4. SECOND-ORDER IMPULSIVE NEUTRAL FDIS 
In this section, we give an existence result for the IVP (1.4)-( 1.7). 
DEFINITION 4.1. A function y E 52 II AC’((tk, &+I), E), k = 0,. . . ,m, is said to be a solution 
of (1.4)~(1.7) if y satisfies the differential inclusion &[y’(t) - g(t, yt)] E F(t, y,) a.e. on J - 
{t1 , . . . , tm}, the conditions Aylt+ = k(y(ti)), A~‘lt=t~ = &k(y&)), k = 1,. . . ,m, y(t) = 4(t), 
t E [-r,O], and y’(0) = 7. 
THEOREM 4.1. Assume (HI)-(H4) and the condition, 
(H5) II&(y) - fk(fi)II < dklly - gll, for each y,jj E E, k = 1,. . . ,m, where dk are nonnegative 
constants, 
are satisfied. Let r > T. Xf 
;+@+&k+(T-tr;)dk) < 1, 
k=l 
then the IVP (1.4)-(1.7) has at least one solution on [-T, T]. 
PROOF. As in Theorem 3.1, we transform problem (1.4)-(1.7) into a fixed-point problem. Con- 
sider the operator fi : R - P(i2) defined by 
+CO<,,<$k(Y(tk>) + (t -tk)~k(Y@k)% t E J, 1 
where 2, E SF,,. It is clear that the fixed points of # are solutions to problem (1.4)-( 1.7). As in 
Theorem 3.1, we can easily prove that m has closed values. 
We prove now that Hd(m(y),#($j)) I rlly - gll for each y, jj E 52 (where y < 1). 
Let y, $j E 0 and hl E R(y). Then there exists q(t) E F(t, yt) such that for each t E J, 
1 i 
N), t E [-T,O] 
w + h - do7 4w)lt 
B(Y) = h E S-l: h(t) = J t 
t s + ds, ~8) ds + ‘u(p) & ds 
0 JJ 7 0 0 
t s 
hl (t) = 4(O) - [v - do, t@>>l t + 
J 
ot g(sv ys) ds + JJ w(~)d~ds + olFIt [ k(Y&)) - (t-tk% (?&))] * 
From (H2), it follows that 
f&i (F (6 Yt) > F (t, ?-it)) 5 l(t) bt - &II , t E J. 
Hence, there is w E F(t,&) such that 
lbJ1(t) - WII I W) IlYt - !-All > t E J. 
Consider U : J --$ P(E), given by 
U(t) = {w E E : llvl(t) - wll 5 l(t) lbt - %ll). 
Since the multivalued operator V(t) = U(t) n F(t, St) is measurable (see [17, Proposition 111.4]), 
there exists 212(t), a measurable selection for V. So, wz(t) E F(t, &) and 
llv1(t) - %?(t)ll I WI IIY - LidI 7 for each t E J. 
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Let us define, for each t E J, 
/$2(t) = l$(O) - [r] - g(0, qqo))lt + J’ 9 ts7 &8) ds + I’ lS ‘uz4-4) dpds 
0 
+ o<;<t [Ik @ w - (t - tk) fk (g (t;))] . 
Then we have 
Ilk(t) - hz(tNl 5 I’ 119 (s, Ys) - g (s, asIll ds + 1” 1” IIQ(P> - vh)II Gds 
+ ,<F<, lb (y (GN - 4 b W) II 
+ ,<;<t (T - td IIrk (y (tk>> - &c (5 @l,)) Ii 
L P 0t llys - &II ds + TJd’ l(s) IIY(s) - Y(s)Il ds s 
+~CkllY(t;)-~(tk)ll+~(T-tk)dkllY(t;)--B(t;)ll 
k=l k=l 
= p ot l/y8 - gsll ds + Tit l(~)e-~~(‘)e~~@) IIyl(s) - y2(s)jI ds 
s 
k=l 
IP 1” llys - &II ds + T IIY - iAln Jd’ WeTL(S) ds 
+~(ck+(T-tk)dk)llY(tli) -Y&)(1 
k=l 
= pTe’w lly - glln + T IIY - 5lln i s otk+s9’d~ 
+ 2 (ck + (T - t/&k) eTLct) IIY - a-l 
k=l 
5 pTeTLct) l,y_&lln+~IIY-DllneTL(t) 
7 
+ 2 (ck + (T - tk) dk) eTL@) IIY - f4-l~ 
k=l 
Then 
llh--h211n< F+PT+&k+(T-tk)dk) IlY-dln. 
k=l 1 By an a alogous relation, obtained by interchanging the roles of y and 5, it follows that 
H(N(y),N(g)) 5 ;+PT+&!k+(T-tk)dk) IlY-&. 
k=l 1 
So, m is a contraction, and thus, by Lemma 2.1, n has a fixed-point y, which is a solution to 
(1.4)-(1.7). I 
924 M. BENCHOHRA et al. 
REFERENCES 
1. D.D. Bainov and P.S. Simeonov, Systems with Impulse Effect, Ellis Horwood, Chicheater, (1989). 
2. V. Lakshmikantham, D.D. Bainov and P.S. Simeonov, Theory of Zmpulsiue Differential Equations, World 
Scientific, Singapore, (1989). 
3. A.M. Samoilenko and N.A. Pereetyuk, Impulsive Diferential Equations, World Scientific, Singapore, (1995). 
4. M. Benchohra, J. Henderson and S.K. Ntouyss, Impulsive neutral functional differential equations in Bansch 
spaces, Appl. Anal. (to appear). 
5. M. Benchohra, J. Henderson and S.K. Ntouyss, Multivalued impulsive neutral functional differential qua 
tions in Banach spsces, Tamkang J. Math. (to appear). 
6. L. Erbe and W. Krawcewics, Existence of solutions to boundary value problems for impulsive second order 
differential inclusions, Rocb Mountain J. Math. 22, 519-539 (1992). 
7. M. Benchohra and A. Boucherif, On first order impulsive differential inclusions in Banach spaces, Dynam. 
Systems Appl. 8 (l), 119-126 (1999). 
8. M. Benchohra and A. Boucherif, An existence result for first order initial value problems for impulsive 
differential inclusions, Arch. Math. (Bmo) 38 (3), 159-169 (2000). 
9. M. F’rigon and D. O’Ftegan, Boundary value problems for second order impulsive differential equations using 
set-valued maps, Appl. Anal. 68, 325-333 (1995). 
10. M. Benchohra, Initial value problems for first order impulsive differential inclusions in Banach spaces, 
Nonlinear Oscil. 4 (2), 146-154 (2001). 
11. M. Benchohra and A. Boucherif, Initial value problems for impulsive differential inclusions in Banach spaces, 
Diflerential Equations Dynam. Systems 8 (l), 51-66 (2000). 
12. M. Benchohra, J. Henderson and S.K. Ijtouyas, On first order impulsive differential inclusions with periodic 
boundary conditions, @n. Contin. Discrete Impulsive Svst. (to appear). 
13. H. Covitz and S.B. Nadler, Jr., Multivalued contraction mappings in generalized metric spaces, Israel J. 
Math. 8, 5-11 (1970). 
14. K. Deimling, Mu&valued Diffewntial Equations, Walter de Gruyter, Berlin, (1992). 
15. L. Gorniewicz, Topological Fixed Point Theory of Multivalued Mappings, Mathematics and its Applications, 
Volume 495, Kluwer Academic, Dordrecht, (1999). 
16. Sh. Hu and N. Papageorgiou, Handbook of Multivalued Analysis, Volume I: Theory, Kluwer Academic, 
Dordrecht, (1997). 
17. C. Csstaing and M. Valedier, Convex Analysis and Measurable Multifunctions, Lecture Notes in Mathe- 
matics, Volume 580, Springer-Verlag, Berlin, (1977). 
